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Hierarchy problem of SM

1  Introduction

Higgs boson  M=125GeV ≈ Top quark  m=173GeV

LHC@CERN 2012;       2013 Tevatron@FNAL 1995;       2008

[taken from 
Nagoya KMI HP]
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Hierarchy problem of SM

M 2 =M0
2 + #Λ2 + #m0

2 log Λ
m0

+!                         m =m0 + #m0 log Λ
m0

+!

radiative correction of masses

+ + +

extremely-fine tuning needed to account for MH=125GeV  <<  L~1017GeV

Weisskopf ’34
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m2 =m0
2 +   0 + #m0

2 log Λ
m0

+!                             m =m0  +  #m0 log
Λ
m0

+!

+ + +

Solution 2:    Higgs is fundamental ⇨ composite of 2 fermions in (new) gauge theory
H ~ t  t   (top condensation)  or  Q  Q  (technicolor)

H  ,  ψH( ) degenerate m0   ⇨ degenerate m

O(L2) cancelled

Solution 1:    SUSY

⇨
“Walking Technicolor”
for acceptably light mH

1  Introduction
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Solution 2:    Higgs is fundamental ⇨ composite of 2 fermions in new gauge theory

⇨ “Walking Technicolor”

β(α) = − 11
3
N −

2
3
nF −

4
3
N  nAd

⎛

⎝
⎜

⎞

⎠
⎟

small but >0
! "#### $####

α 2 −
34
3
N 2 −

13
3
N −

1
N

⎛

⎝
⎜

⎞

⎠
⎟nF −

32
3
N 2nAd

⎛

⎝
⎜

⎞

⎠
⎟

<0
! "###### $######

α 3 −%

•  N = 3 ,  nF =12
•  N = 2 ,  nAd = 2
•  N = 2 ,  nF = 8

Nagoya KMI group; Kuti; Hasenfratz

“Minimal WTC”  Catterall-Sannino
NCTU group, Helsinki group...

Chiral symm. broken   like QCD
Conformal (unsuited for WTC) ?
…tested for SU(2) GTs on lattice

QCD × 10≥3 scale-up
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 ! 
QCD

=
1

Z(m)
DAµ Dψ f Dψ f

f =1

nf

∏  exp −SYM[Aµ ]+ ψ f ( /D+mf )ψ f∫{ }  !  ,  /D =
0 σ µDµ

σ µDµ 0

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∫

               = 1
Z(m)

DAµ  e−SYM [A] det /D+mf( )
f =1

n f

∏   !∫

Chiral Symm Breaking in QCD

dim(Ker /D) =ν[                             sector]

Σ = ψ fψ f QCDflavor symm
of massless lim. G =

SU(2nf )                 ps-real rep  

SU(nf )×SU(nf )   complex rep

SU(2nf )                   real rep     

⎧

⎨
⎪⎪

⎩
⎪
⎪

H =

Sp(2nf )
SU(nf ) 
SO(2nf )

⎧

⎨
⎪⎪

⎩
⎪
⎪

broken if
is dynamically formed

Z0-mode (m) = dU  det U( )ν exp VΣ Re tr diag(mf )U{ }
G/H×U(1)
∫  

Zeff (m) = DU  exp − Fπ
2  tr ∂µU

+∂µU −Σ Re tr diag(mf )U( )−ν logdetU∫{ }
G/H×U(1)
∫  

f confined under TC ⇨ NG boson (pion) Uf f’ dominance in the low-energy regimeAµ,ψ

effective chiral L constrained by chSB,    Fp and S : undetermined 

Fπ
2L−2 >> Σm

Dirac EVs ≃ imag. mass

on finite lattice V=L4 &  at small masses
s.t.
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Chiral Random Matrices

HS transf.

dU  det U( )ν exp Re tr diag(µ f )U{ }
U (NF )
∫  =  cst.

det µi
j−1Iν+ j−i (µi )!" #$i, j=1

NF

Δ(µ f
2 )

0D reduction
of chL

Mab ∈

R : β =1
C : β = 2
H : β = 4

⎧

⎨
⎪

⎩
⎪

 captures all
Global & Discrete
symmetries of QCD

similar forms with Pf ~ qdet for b=1,4

N→∞  ,  mf → 0
µ f = Nmf   fixed

for b=2 [Brower-Rossi-Tan ’81] 

[Smilga-Verbaarschot ’95, Nagao-SMN ’00] 

[Shuryak-Verbaarschot ’93] 

analytically solvable, symmetry-based model of QCD in chSB phase 

1  Introduction

 ! 
chRM

=
1

Z(m)
dH  e−tr H 2

det H + imf( )
f =1

n f

∏∫ !  ,   H =
0 M
M + 0

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

N

N +ν



Chiral Random Matrices

dU  det U( )ν exp Re tr diag(µ f )U{ }
U (NF )
∫  =  cst.

det µi
j−1Iν+ j−i (µi )!" #$i, j=1

NF

Δ(µ f
2 )

effective chL of QCD:

[Shuryak-Verbaarschot ’93] 

VS Re tr diag(mf)U

if QCD is in chSB phase,
� Dirac EVDs on various V collapse onto chRM result
� can determine S by fitting

 ! 
chRM

=
1

Z(m)
dH  e−tr H 2

det H + imf( )
f =1

n f

∏∫ !  ,   H =
0 M
M + 0

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

HS transf.

N

N +ν

Mab ∈

R : β =1
C : β = 2
H : β = 4

⎧

⎨
⎪

⎩
⎪

 captures all
Global & Discrete
symmetries of QCD

N→∞  ,  mf → 0
µ f = Nmf   fixed
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Det. (fermionic) point process

ProbN (n1,…,nN ) = 1
N!

det K(ni,nj )⎡⎣ ⎤⎦i, j=1

N
       ni ∈ Z

K = K(n,m)[ ]n,m∈Z
 : projective K ⋅K =K ,  tr K = N      

  then,

RN−1(n1,…,nN−1) = N 1
N!

det
K(ni,nj )⎡⎣ ⎤⎦i, j=1

N−1
K(m,nj )⎡⎣ ⎤⎦ j=1

N−1

K(ni,m)[ ]i=1

N−1 K(m,m)

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥m∈Z

∑ =
N − (N −1)

(N −1)!
det K(ni,nj )⎡⎣ ⎤⎦i, j=1

N−1

          ⇓ repeat

Rk (n1,…,nk ) = det K(ni,nj )⎡⎣ ⎤⎦i, j=1

k
              = repeat ⇒             R1(n) = K(n,n)

�Plancherel measure {YT}
�directed percolation
�continuous ⇨ b=2 RM

2  Janossy density in DPP
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Random partitions and instanton counting

Andrei Okounkov∗

Abstract. We summarize the connection between random partitions and N = 2 su-
persymmetric gauge theories in 4 dimensions and indicate how this relation extends to
higher dimensions.

Mathematics Subject Classification (2000). Primary 81T13; Secondary 14J60.

1. Introduction

1.1. Random partitions. A partition of n is a monotone sequence

λ = (λ1 ≥ λ2 ≥ · · · ≥ 0)

of nonnegative integers with sum n. The number n is denoted |λ| and called the
size of λ. A geometric object associated to a partition is its diagram; it contains
λ1 squares in the first row, λ2 squares in the second row and so on. An example,
flipped and rotated by 135◦ can be seen in Figure 1. Partitions naturally label

Figure 1. The diagram of λ = (10, 8, 7, 4, 4, 3, 2, 2, 1, 1), flipped and rotated by 135◦.
Bullets indicate the points of S(λ). The profile of λ is plotted in bold.

many basic objects in mathematics and physics, such as e.g. conjugacy classes and
representations of the symmetric group S(n), and very often appear as modest
summation ranges or indices. A simple but fruitful change of perspective, which I
wish to stress here, is to treat sums over partitions probabilistically, that is, treat
them as expectations of some functions of a random partition.

∗The author thanks Packard Foundation for partial financial support.

,  K†=K



Janossy density

[Textbook ’88] 

Rk (n1,…,nk ) = det K(ni,nj )⎡⎣ ⎤⎦i, j=1
kfor Det point process

no pts in  I except for k designated pts  

I

K I := K(n,m)[ ]n,m∈I

Jk,I (n1,...,nk ) = det 1−K I( ) ⋅det ni K I 1−K I( )−1 nj⎡
⎣

⎤
⎦i, j=1

k

Jk,I (n1,...,nk ) = Prob of

2  Janossy density in DPP

all pts in I               designated pts

n1 n2 nk



0

I

2  Janossy density in DPP

Proof

J1,I(0)

= R1(0)−
∑

n∈I
R2(0, n) +

1

2!

∑

n,n′∈I
R3(0, n, n

′)− · · ·

= K(0, 0)−
∑

n∈I

∣∣∣∣∣
K(0, 0) K(0, n)

K(n, 0) K(n, n)

∣∣∣∣∣+
1

2!

∑

n,n′∈I

∣∣∣∣∣∣∣

K(0, 0) K(0, n) K(0, n′)

K(n, 0) K(n, n) K(n, n′)

K(n′, 0) K(n′, n) K(n′, n′)

∣∣∣∣∣∣∣
· · ·

= ⟨0|KI |0⟩ −
{
⟨0|KI |0⟩ trKI −

〈
0|K2

I |0
〉}

+
1

2!

{
⟨0|KI |0⟩ (trKI)

2 − ⟨0|KI |0⟩ trK2
I − 2

〈
0|K2

I |0
〉
trKI + 2

〈
0|K3

I |0
〉}

− · · ·

= ⟨0|KI |0⟩
{
1− trKI +

1

2!
(trKI)

2 − · · ·
}{

1− 1

2
trK2

I + · · ·
}
· · ·

+
〈
0|K2

I |0
〉
{1− trKI + · · · } · · ·

+
〈
0|K3

I |0
〉
{1− · · · } · · ·+ · · ·

=
〈
0|KI +K2

I +K3
I + · · · |0

〉
det(1−KI) =

〈
0|KI(1−KI)

−1|0
〉
det(1−KI)



Example:  2 Fermions on 

Prob(�) = 1/8

Prob(�) = 1/4
& ⟺ Prob((,*) = 1

2!
0((, () 0((,*)
0(*, () 0(*,*)

1 = 1
4

2 1 − 4
1 + 4 2

0 1 + 4
1 − 4 0

0 1 + 4
1 − 4 0

2 1 − 4
1 + 4 2

= 1 7 1

tr K= 2

89,:(1) = Prob(            )   =                    +                     =  9; +  9<

= det = − 1: 7 1 1: = − 1: >9 1

= = − 9
<

2 1 − 4
1 + 4 2 7 3 2 − 24

2 + 24 3 9,9
= 9

; 7 3

I

2  Janossy density in DPP

1 4

2 3



Janossy density

Det. point process:

I

exactly p pts     in  I except for k designated pts

K I := K(n,m)[ ]n,m∈I

Jp,k,I (n1,...,nk ) =
1
p!

−∂ξ( )
p det 1−ξK I( ) ⋅det ni K I 1−ξK I( )−1 nj⎡

⎣
⎤
⎦i, j=1

k

ξ=1

Jk,I (n1,...,nk ) = Prob of

2  Janossy density in DPP

Jp,k,I(n1,…,nk) = Prob of

Rk (n1,…,nk ) = det K(ni,nj )⎡⎣ ⎤⎦i, j=1
k

n1 n2 nk



!",$(&', … , &")  =  det ) − +$ , det &0 +$ ) − +$ 1' &2 0,23'
"

=  (−)" det
− &0 +$ &2 0,23'

" − 5 +$ &2 23',…,"
6 ∈ $

− &0 +$ 5 6 ∈ $
23',…," ) − +$

2  Janossy density in DPP

) − +$� In case                 may be singular :   use 8 9
: ; = ; 8 − :;1'9

designated pts                            all pts in  I

I

unifies 2 well-known formulas in DPP / RM 

="(&', … , &")  = det >(&?, &@) 0,23'
" :  k-point Corr. Function

AB,$ =  det ) − +$ : Gap Probability

� Generalizable to qdet :   Pfaffian PP / b =1&4 RM



!",$(&', … , &")  =  det ) − +$ , det &0 +$ ) − +$ 1' &2 0,23'
"

=  (−)" det
− &0 +$ &2 0,23'

" − 5 +$ &2 23',…,"
6 ∈ $

− &0 +$ 5 6 ∈ $
23',…," ) − +$

2  Janossy density in DPP

) − +$� In case                 may be singular :   use

!",$(8', … , 8") = lim
<=>→@

(−)" det
− A(80, 82) 0,23'

" − ΔCDA(CD, 80) =>∈ $

03',…,"

− A(80, CE) ΔCE =F∈ $

23',…,"
) − ΔCDA(CD, CE) ΔCE =>,=F∈ $

� Continuous distribution :  Fredholm Det approx. by  I ~ {C', … , C6}

new?     not explicit in [Borodin-Soshnikov ’03][Forrester-Witte ’07][Forrester-Witte-Bornemann ’12]

A(5,5′) → ΔCDA(CD, CE) ΔCE

H I
J K = K H − JK1'I

designated pts                            all pts in  I

I



1st�8th  EV distributions  of  chGUE , chGSE

quasi-Gaussian ⇒ precise fitting possible

Individual EV distributions 

2 4 6 8 10

0.2

0.4

0.6

0.8

1.0

1.2

1.4

2 4 6 8 10

0.5

1.0

1.5

0 2 4 6 8 1010-80

10-66

10-52

10-38

10-24

10-10

0 2 4 6 8 1010-50

10-41

10-32

10-23

10-14

10-5

flattening oscillation ⇒ larger error for fitting
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exercise 1 : quenched U(1) Dirac spectrum  vs  chGUE
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Ê

Ê

Ê

Ê
Ê

Ê
Ê

Ê

2 4 6 8

0.5095

0.5100

0.5105

0.5110

k

S
=
p V
D Σa3 = 0.51025(10)

Chiral condensate from Individual EV distributions 

β = 0.6  ,  V = 64   ,  Nconf = 30000

[SMN ’16] 
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exercise 2 : quenched SU(2) Dirac spectrum  vs  chGSE

ch
ira

l
co

nd
en
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te

-th EV

Σa3 =1.07019(38)

Chiral condensate from Individual EV distributions 

β =1.0  ,  V = 64   ,  Nconf = 30000
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Σ within O(10-4) error! 

[SMN ’16] 
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“Shifting” method for chRM

Technical problems [Damgaard-SMN ’01]

dH  e−tr H 2

det H + imf( )f∏   ∝   dλi  λi
β (ν+1)/2−1  e−λi λi +mf

2( )f∏( )
i=1

N

∏ λi −λ j
β

i> j

N

∏ … JPD of EVs

Pk (λ1,…,λk ) = !
λk

∞

∫ dλk+1!dλNλk

∞

∫ JPDNF
(λ1,…,λN ;{m};ν )( )

                                   !λi ≡  λi −λk   ⇓    

       =C({m}) !
0

∞

∫ d "λk+1!d "λN0

∞

∫ JPD !NF
( !λ1,…, !λN ;{ !m}; !ν )( )      N→∞' →''       ratio of Bessel det's

        ⇓

pk (λk ) = !
0

λk∫ dλ1!dλk−10

λk∫ Pk (λ1,…,λk ) 
N→∞' →''   (k -1)-fold integral of ratio of Bessel det's

for this trick to work, the exponent 

β
ν +1

2
−1 ∈

N (β =1, 2)
2N (β = 4)

⇒  
× chGOE,  ν = 0, 2, 4...  
× chGSE,  NF = 0, 2, 4...

%
&
'

('

practically unfeasible
for k ≥ 5 

λi ≥ 0  ∈  Spec(H 2 )

… JPD of first k EVs

3  Ordered EV

∂(rect.matrix)/∂(sing.values)



Nystrom-type approx to Fredholm Det

x1,…, xM{ }∈ I,     Δx1,…,ΔxM{ }> 0Gauss-Legendre Quadrature :

[Bornemann ’10]

!8 !6 !4 !2 0 2 4 6
0.0

0.1

0.2

0.3

0.4

x

P!x""
dE
!x,#"

#dx GSE

GOE

GUE

!6 !4 !2 0 2 4

!0.00004

!0.00002

0

0.00002

0.00004

x

R
el
at
iv
e
Er
ro
ro
fd
E!x,"

"#dx
rel. error

f (x)dx
I
∫  ≅  f (xi )Δxi

i=1

M

∑  , exact for  f (x) = xM + lower

Det 1−KI( )  ≅  det δij −K(xi, x j ) ΔxiΔx j$
%

&
'i, j=1

M
  + relative error O(e−const.M )

ex.  Largest EV distribution
Nystrom approx (M=30) for KAiry vs Tracy-Widom’s analytic formula

sufficient (overkill)

for LGT data fitting! 

3  Ordered EV



nF = b n fermions as Janossy density

4  Dirac Spectra of 2C QCD

!"# e%&' ()*
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4

5
*
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7:.

"86 86
2 9:-

; %-e%<= *
6>?

7:.

86 − 8?
2 B *

C,7:-

7:.

D 8C − (−1+
;)

designated pts      = −mass2 > 0

0     −1-
; −1;

; −1.
; G

−1.
; −1;

; −1-
; 0 G

HC,., 4,J −1-
;, … ,−1.

;

continue to mass2 > 0

evaluate Fredholm Det by quadrature approx.LC G;1-
;, … ,1.

;

k



b = 4 (chGSE),  nF = 4,  k = 0,  µ = 0.1      vs     chGSE (N= 250~2000) by HMC

1-E0(s ; 0.1)

s

b = 4 (chGSE),  nF = 8,  k = 0,  µ = 0.1      vs     chGSE (N= 1000~2000) by HMC

deviation

s

deviation1-E0(s ; 0.1)

D =

⎛

⎜⎝
−[

√
wiwjD++(ζi, ζj)] [

√
wjS

(1,0)
−+ (µ, ζj)] [

√
wjS

(0,0)
−+ (µ, ζj)]

[
√
wiS

(0,0)
−+ (µ, ζ)] I(0,3)−− (µ, µ) I(0,2)−− (µ, µ)

−[
√
wiS

(1,0)
−+ (µ, ζ)] −I(1,3)−− (µ, µ) −I(1,2)−− (µ, µ)

⎞

⎟⎠ ,

S2 =

⎛

⎜⎜⎜⎝

IM − [
√
wiwjS++(ζi, ζj)] −[

√
wjS

(1,0)
−+ (µ, ζj)] −[

√
wjS

(0,0)
−+ (µ, ζj)]

−[
√
wiI

(0,0)
−+ (µ, ζ)] −I(0,1)−− (µ, µ) 0

[
√
wiI

(1,0)
−+ (µ, ζ)] 0 −I(0,1)−− (µ, µ)

⎞

⎟⎟⎟⎠
,

K(0) =

⎛

⎜⎜⎜⎜⎝

0 I(0,1)−− (µ, µ) I(0,2)−− (µ, µ) I(0,3)−− (µ, µ)

−I(0,1)−− (µ, µ) 0 I(1,2)−− (µ, µ) I(1,3)−− (µ, µ)

−I(0,2)−− (µ, µ) −I(1,2)−− (µ, µ) 0 I(2,3)−− (µ, µ)

−I(0,3)−− (µ, µ) −I(1,3)−− (µ, µ) −I(2,3)−− (µ, µ) 0

⎞

⎟⎟⎟⎟⎠
,

where the matrix elements S(a,b), D(a,b), and I(a,b) are found in eqs.(B.15)–(B.17).
For the degenerated mass µ = 0.1, we find a good agreement of E0(s) with the hybrid

Montecarlo simulation EHMS
0 (s). The numerical plots are shown in Figure 6 (left) for

M = 50 of the Nyström discretization of the Fredholm Pffafian and the hybrid Montecarlo
simulation of the rank N = 2000. (Black dots: Nyström discretization, Green dots: hybrid
Montecarlo simulation.) The difference E0(s) − EHMS

0 (s) in Figure 6 (right) confirms us
that the difference reduces as the rank of matrix grows, and these results confirms us that
these numerical computations are consistent and valid.
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Figure 6. 1−E0(s) is computed in two ways for the β = 4 ensemble of NF = 8 doubly-degenerated
masses in the complete confluent limit with µ1 = 0.1. Nyström-type discretization and hybrid
Montecarlo simulation are applied with rank M = 50. (black dots in the left figure) and the
random rank N = 2000 (green dots in the left figure), respectively. The difference E0(s)−EHMC

0 (s)
for N = 1000, 2000 shows that the computational results of the hybrid Montecarlo simulation
converges to that of the Nyström-type discretization as N grows. (Right figure.)

Applying the explicit expressions of Ek(s)’s in Appendix C, we can evaluate them
numerically. Plots for Ek(s) in s ∈ [0, 16] are depicted in Figure 7, and we find a good
agreement with the computations of the hybrid MonteCarlo simulation with N = 2000.

4 Application: chiral condensate from lattice data

As an application of the RMT, we use Dirac eigenvalues of SU(2) fundamental Nf = 8

system. A partial analysis of this system has been presented in [37], where a Monte Carlo
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D =

⎛

⎜⎝
−[

√
wiwjD++(ζi, ζj)] [

√
wjS

(1,0)
−+ (µ, ζj)] [

√
wjS

(0,0)
−+ (µ, ζj)]

[
√
wiS

(0,0)
−+ (µ, ζ)] I(0,3)−− (µ, µ) I(0,2)−− (µ, µ)

−[
√
wiS

(1,0)
−+ (µ, ζ)] −I(1,3)−− (µ, µ) −I(1,2)−− (µ, µ)

⎞

⎟⎠ ,

S2 =

⎛

⎜⎜⎜⎝

IM − [
√
wiwjS++(ζi, ζj)] −[

√
wjS

(1,0)
−+ (µ, ζj)] −[

√
wjS

(0,0)
−+ (µ, ζj)]

−[
√
wiI

(0,0)
−+ (µ, ζ)] −I(0,1)−− (µ, µ) 0

[
√
wiI

(1,0)
−+ (µ, ζ)] 0 −I(0,1)−− (µ, µ)

⎞

⎟⎟⎟⎠
,

K(0) =

⎛

⎜⎜⎜⎜⎝

0 I(0,1)−− (µ, µ) I(0,2)−− (µ, µ) I(0,3)−− (µ, µ)

−I(0,1)−− (µ, µ) 0 I(1,2)−− (µ, µ) I(1,3)−− (µ, µ)

−I(0,2)−− (µ, µ) −I(1,2)−− (µ, µ) 0 I(2,3)−− (µ, µ)

−I(0,3)−− (µ, µ) −I(1,3)−− (µ, µ) −I(2,3)−− (µ, µ) 0

⎞

⎟⎟⎟⎟⎠
,

where the matrix elements S(a,b), D(a,b), and I(a,b) are found in eqs.(B.15)–(B.17).
For the degenerated mass µ = 0.1, we find a good agreement of E0(s) with the hybrid

Montecarlo simulation EHMS
0 (s). The numerical plots are shown in Figure 6 (left) for

M = 50 of the Nyström discretization of the Fredholm Pffafian and the hybrid Montecarlo
simulation of the rank N = 2000. (Black dots: Nyström discretization, Green dots: hybrid
Montecarlo simulation.) The difference E0(s) − EHMS

0 (s) in Figure 6 (right) confirms us
that the difference reduces as the rank of matrix grows, and these results confirms us that
these numerical computations are consistent and valid.
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Figure 6. 1−E0(s) is computed in two ways for the β = 4 ensemble of NF = 8 doubly-degenerated
masses in the complete confluent limit with µ1 = 0.1. Nyström-type discretization and hybrid
Montecarlo simulation are applied with rank M = 50. (black dots in the left figure) and the
random rank N = 2000 (green dots in the left figure), respectively. The difference E0(s)−EHMC

0 (s)
for N = 1000, 2000 shows that the computational results of the hybrid Montecarlo simulation
converges to that of the Nyström-type discretization as N grows. (Right figure.)

Applying the explicit expressions of Ek(s)’s in Appendix C, we can evaluate them
numerically. Plots for Ek(s) in s ∈ [0, 16] are depicted in Figure 7, and we find a good
agreement with the computations of the hybrid MonteCarlo simulation with N = 2000.

4 Application: chiral condensate from lattice data

As an application of the RMT, we use Dirac eigenvalues of SU(2) fundamental Nf = 8

system. A partial analysis of this system has been presented in [37], where a Monte Carlo
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Figure 3. 1− E0(s) is computed for β = 4 ensemble with NF = 4 quadruply-degenerated masses
µ1 = 0.1 in two ways. The Nyström-type discretization is applied with rank M = 50. (Black dots in
the left figure.) The hybrid Montecarlo simulation is applied with the random rank N = 2000. Black
and green dots shows 1−E0(s) by the Nyström-type discretization and 1−EHMC

0 (s) by the hybrid
Montecarlo simulation, respectively. (Green dots in the left figure.) The difference E0(s)−EHMC

0 (s)
for N = 250, 1000, 2000 shows that the computational results of the hybrid Montecarlo simulation
converges to that of the Nyström-type discretization as N grows. (Right)

(right) shows that the computational result of the hybrid Montecalro simulation converges to
the Nyström-type discretization as N grows, and we confirm that the numerical evaluation
of E0(s) by the Nyström-type discretization is good enough.
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Figure 4. Plot of 1 − Ek(s) (k = 0, 1, 2) for NF = 4 quarduply-degenerated mass paramters
µ1 = 0.1. Black dot: Nyström-type discretization at rank M = 50. Green dots: hybrid MonteCarlo
simulation with the random matrix rank N = 2000.

The distribution of the kth smallest eigenvalue Ek(s) = E(k; [0, s]; {µa}) in eq.(2.19) is
given by

Ek(s) =
(−1)k

k!

dk

dzk
τ(z; [0, s]; {µa})

∣∣∣
z=1

. (3.4)

Derivatives of τ(z; [0, s]; {µa} is evaluated directly by the Taylor expansion, and the explicit
expressions of Ek(s)’s as the sum of trace factors are described in Appendix C. The nu-
merical computations for Ek(s) in s ∈ [0, 16] are depicted in Figure 4, and we find a good
agreement with the computations of the hybrid MonteCarlo simulation with N = 2000.
Example 3: β = 4 ensemble with doubly degenerated masses NF = 2α

The quaternionic kernel for Janossy density of the β = 4 ensemble is treated indepen-
dently for even and odd α.
• α = 1 (i.e. NF = 2) with µ1 = 0.1
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Figure 3. 1− E0(s) is computed for β = 4 ensemble with NF = 4 quadruply-degenerated masses
µ1 = 0.1 in two ways. The Nyström-type discretization is applied with rank M = 50. (Black dots in
the left figure.) The hybrid Montecarlo simulation is applied with the random rank N = 2000. Black
and green dots shows 1−E0(s) by the Nyström-type discretization and 1−EHMC

0 (s) by the hybrid
Montecarlo simulation, respectively. (Green dots in the left figure.) The difference E0(s)−EHMC

0 (s)
for N = 250, 1000, 2000 shows that the computational results of the hybrid Montecarlo simulation
converges to that of the Nyström-type discretization as N grows. (Right)

(right) shows that the computational result of the hybrid Montecalro simulation converges to
the Nyström-type discretization as N grows, and we confirm that the numerical evaluation
of E0(s) by the Nyström-type discretization is good enough.
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Figure 4. Plot of 1 − Ek(s) (k = 0, 1, 2) for NF = 4 quarduply-degenerated mass paramters
µ1 = 0.1. Black dot: Nyström-type discretization at rank M = 50. Green dots: hybrid MonteCarlo
simulation with the random matrix rank N = 2000.

The distribution of the kth smallest eigenvalue Ek(s) = E(k; [0, s]; {µa}) in eq.(2.19) is
given by

Ek(s) =
(−1)k

k!

dk

dzk
τ(z; [0, s]; {µa})

∣∣∣
z=1

. (3.4)

Derivatives of τ(z; [0, s]; {µa} is evaluated directly by the Taylor expansion, and the explicit
expressions of Ek(s)’s as the sum of trace factors are described in Appendix C. The nu-
merical computations for Ek(s) in s ∈ [0, 16] are depicted in Figure 4, and we find a good
agreement with the computations of the hybrid MonteCarlo simulation with N = 2000.
Example 3: β = 4 ensemble with doubly degenerated masses NF = 2α

The quaternionic kernel for Janossy density of the β = 4 ensemble is treated indepen-
dently for even and odd α.
• α = 1 (i.e. NF = 2) with µ1 = 0.1
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Quadrature Approx of Det :  systematic error too small for bare eyes!

4  Dirac Spectra of 2C QCD



Lattice QCD with staggered quarks

Judgement of chSB for WTC candidate

4  Dirac Spectra of 2C QCD

e 2N/g2 tr UUUU!
"#$%

� bipartite → L / R chirality & spinor

� quark doublers :  2d/2 = 4 ‘tastes’

� taste-degeneracy is broken
by O(a2) lattice artifact
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8 x 83, β=1.2, ma=0.010
260 configs.
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lattice
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b = 4 (chGSE),  nF = 4,  k = 0        vs 2C QCD,  nF = 2� 4 = 2+(2+2+2)
µ = 8.18 ma = 0.010

Judgement of chSB for WTC candidate

N=2, nF = 2+(2+2+2),  b ≤1.4… : Chiral Symm Broken

4  Dirac Spectra of 2C QCD

flavor taste

4/g2 : gauge coupling



b = 4 (chGSE),  nF = 8,  k = 0,1,2,3,  µ = 0,1,2,…,∞

to be fitted with

N = 2,  nF = 8� 1 lattice QCD   to judge whether chSB or conformal 

4  Dirac Spectra of 2C QCD

Judgement of chSB for WTC candidate

flavor taste



§5  Summary

�2 technical difficulties in evaluating Individual EVDs of massive chRMMs

are overcome by Janossy Density formula + Quadrature method

� Individual Dirac EVDs of 2C QCD with nF= 4n staggered quarks, 

if the theory in cSB phase, are predicted from massive chGSE

� Chiral cond S of 2C QCD with nF= 2+(2+2+2) is determined by fitting Spec(D)

judged to be in the chSB phase (caution: 4/g2 ≤ 1.3)

� feasible plan : determine whether the WTC candidates in sympl. class

2C QCD  with  nF = 8  (stag.)  , nAd = 2  (overlap)  is  chSB or conformal

/


