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® A self-similar regular Dirichlet form (£, ) exists.
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® A self-similar regular Dirichlet form (£, ) exists.
(Barlow—Bass '89, '99, Kusuoka—Zhou '92)

BB '89: EI1'7' > 1, {L&W({B:?&Dn }tZO)}'?zozo IS tight.

® Such a regular Dirichlet form (£, ) is unique.
(Barlow—Bass—Kumagai—Teplyaev '10)
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Thm(K., cf. Teplyaev’'04). *{(£*P7, F*P7):str. local,
irreducible, regular symmetric Dirichlet form over K, 3 -,

h., h, are EPY _harmonic on Ko~ \Vo!

Rmk. Choice of a reference measure is irrelevant: &5
ca,B”y ::FQ,IB”YHC(KO@,B,'Y) and 805,,8,7'60‘,18,7 are Ul‘llque.

Thm(K.). LIP|k_ ;. is a core of (£, F*PT), and

YueLIP, £ N uu)= 3 rad(C) [,|V cu|*dvolc
CCarcKq,B8,~

> 057, — rad(C)dvolc: volume meas.
H charCKa,,B,'y ( ) (NOT doubling!)

Thm(K.). EICO € (0, 0o), VO‘MB"Y € (0, 00),
limy oo {n € N | AP <A} /A2 = cgHY Ky 5.~).
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Laplacian on the limit set 0..G of G = G,,,

>G := {g € M8b(C) | g~ (o0) € C \ B2}
> Ko ¢ B* N O G, Ky : (KO) choicgcl;feIijn:(ietsi::rtAS



>G := {g € Mﬁb(@) | g_l(oo) = @\@}
> Ko := B* N O G, K, := g(Ko)



>G 1= {g € Méb(C) | g~ *(c0) € T\ B2}
> Ko := B N0scG, Ky :=g(Ko)

For each g € G, on K, = g(K,) DEFINE:
> VY 1= ) ek, r2d(C) dvolc (NOT doubling!)

{2
Ry, BN LA PR3
0@ W o N - Qe
20000600

Qe xd

>Yu€eLIP|k,, £9(u,u):= 3 rad(C)[ |Vcu|?dvolc
CCarcKyg C (cf. Osada’07)



res

>G := {g € Mﬁb(@) | g_l(oo) = @\@}
> Ko := B* N O G, K, := g(Ko)

oo W: ] A ;024
S AN Vs o o’
0. W g . P @ e
."o'o..'.:.‘.’-o;_o..""

> 17 1= ) 0 aek,T2A(C) dvolc (NOT doubling!)

>Yu€eLIP|k,, £9(u,u):= 3 rad(C)[ |Vcu|?dvolc
CCarcKyg C (cf. Osada’07)

Prop. On L*(K,,v?), (9, LIP.(K,)) is closable & its
closure (€9 F,)is a strongly local regular Dirichlet form.



>G := {g € Mﬁb(@) | g_l(oo) c @\@}
> Ko :=B? N 0G, K, :=g(Ko)

For each g € G, on K, = g(Ko) DEFINE: -
> VY 1= ) ek, r2d(C) dvolc (NOT doubling!)
>Yu€eLIP|k,, £9(u,u):= 3 rad(C)[ |Vcu|?dvolc

CCarcKyg C (cf. Osada’'07)
Prop. On L*(K,,v?), (9, LIP.(K,)) is closable & its
closure (€9 F,)is a strongly local regular Dirichlet form.

Prop. The inclusion map L: K, — R? is £9-harmonic.

(uniqueness )
NOT known



0= (g € Mab(E) |~ (o0) € E\ T
> Ko :=B* N 0G, K, := g(Ko)

For each g € G, on K, — g(Ko) DEFINE: -

> VY 1= ) ek, r2d(C) dvolc (NOT doubling!)

>Yu€eLIP|k,, £9(u,u):= 3 rad(C)[ |Vcu|?dvolc
CCarcKyg C (cf. Osada’'07)

Prop. On L*(K,,v?), (9, LIP.(K,)) is closable & its
closure (€9 F,)is a strongly local regular Dirichlet form.

Prop. The inclusion map L: K, — R? is £9-harmonic.
(uniqueness )
Prop. A (k,,v9,e9,7,) has discrete spectrum.\NOT known
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Thm (K.). “¢,, €(0,00), "g € G, 9L U € K, open,
H*(Bx,U) =0 = lim ATYING (X)) = e HEY(U).
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> g € G (represents choice of the initial B*-A)

Prop. A(k,,v9,e9,7,) has discrete spectrum.
D{)\%’U}nEN: the eigenvalues of —A (9. 9, 7, )
> Ny (A) :=#{n €N | A2U< A} (92U cx, open)

Thm (K.). “¢,, €(0,00), "g € G, 9L U € K, open,
H*(Bx,U) =0 = lim ATYING (X)) = e HEY(U).
—r OO

Rmk(K.). 9 L f]'Cd|Kg (for H%(arcs) = 0 by d > 1).

tl0

Rmk. Zne_tA%’U: Jer p?(x, 2)dri(x)~ cHI(U)t~/2
< Thm, BUT pt’U(m,w) N t~'/2 for v9%-a.e. z € U!
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5 Ingredients of the proof of Weyl’s asymptotics

.AVI‘N ¥ :

‘ -‘i by

® A “self-similar” decomp.
(“fundamental domain” for
the action G ~ 9o0 G)

>{lr}r_1: B*-geodesics,

7T iy Ay
form A, angles %, 3, —

> 1, 1= <{Iank}2:1>

ras 2
NG ~ B :UTEFmT(A£1£2£3)

0S=25,,:=0By2(01r,,):
angle(S,£2) = %.

>G=Gm:=(I'm,Invs),

Oocc G 1= gEGmg(QIB%z)
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® A “self-similar” decomp.
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the action G ~ 9o0 G)

>{lr}r_1: B*-geodesics,

ALY T

. form A, angles 7, 2, —
1 > i= ({Inve, Jie—1)

-" WIB%zzuTermT(AElEzﬁg)
®S=2S,,:=8Bp2(01r,,):
angle(S,£2) = %.
>G=Gm:=(I'm,Invg),
Occ Gm 1= gEGmg(BIB%z)
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® A “self-similar’ decomp.(“fund. dom.” for G "~ 0oc G)

(requires concrete knowledge of G ~ 9o G; NOT extend easily)

~~can now run a Markov chain on the Fuclidean shapes
of the cells and apply Kesten's renewal thm [AOP '74].
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® A version of the “2-dimensional” Nash inequality
(~ the spectrum of Ak _is discrete & E'pf{g (z,y) < cgt™ 1)

oL: K, — R?is £E9-harmonic & Tgq(L,t) = V7
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® A “self-similar’ decomp.(“fund. dom.” for G "~ 0oc G)

(requires concrete knowledge of G ~ 9o G; NOT extend easily)

® A version of the “2-dimensional” Nash inequality
(~ the spectrum of Ak _is discrete & E'pf{g (z,y) < cgt™ 1)

oL: K, — R?is £E9-harmonic & Tgq(L,t) = V7
(~ {(X7, 2)}+ slower than {B;'}+ ~ Py [TB(z,r) < t] smalll)

® (Grigor'yan—Hu-Lau '10) Bound for pfg (z, ) — pi (x, x)
in terms of sup_ /5 4 pfg (x, ')‘BKQU & Py [T <t

®(cf. Bonk '11) The circles in 9. G are unif. rel. separated:
Vj # k, dist(C;, Ci) > 8m min{rad(C;), rad(Ck)}.

~~can now run a Markov chain on the Fuclidean shapes
of the cells and apply Kesten's renewal thm [AOP '74].



12/12

6 Open Problem: OTHER round SCs?

® RSCs appearing as Og,m+v Of general hyperbl. G?
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6 Open Problem: OTHER round SCs?

® RSCs appearing as Og,m+v Of general hyperbl. G?

® RSCs obtained as quasi-sym. images of s.-s. SCs?

generalized) self-similar SCs

Bonk '11: Each of them can be quasi-symmetrically
mapped to a round SC in a unique way!
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Prf. To follow Kigami—Lapidus’ method [CMP '93], we use
Kesten’s renewal thm for Markov chains [Ann. Prob. '74].
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6 oo
[>K33 \ VO — Uk::l Ul:1K¢k,l ()
d
> i={Z=(a,p,n| H (Kz) =1}
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Thm(K.). “¢co € (0,00), "o, B, € (0,00),

limy_soo#{n € N | ADPY <A} /AY2 = coHY (Ko 3,4)-

Prf. To follow Kigami—Lapidus’ method [CMP '93], we use
Kesten’s renewal thm for Markov chains [Ann. Prob. '74].

6 oo
[>Kw\v0 — Ul{::l Ul:1K¢k‘,,l(w)
d
> i={Z=(a,p,n| H (Kz) =1}
(the space of “Euc. shapes” of AGs)
>{[Xn]}n—o: Markov chainon T,
I w[qbk,l (az)] w.prob. g{d(Kd?k;,L(fB))
(nOte Zk‘,,l j{d(Kq')k,,l(iB)) — 1)
>V, = —= log H(Kx, )

p. 30, Figure 3 of R. D. Mauldin & M.
Urbanski, Adv. Math. 136 (1998), 2638




5 v 14/12
Thm(K.). “¢co € (0,00), "o, B, € (0,00),

limy_ oo {n € N | ADPY <A} /AY2 = coHH (Ko 5.~).

> {[X ]} 0: MC on Tisnapes)s  ~[r,1 () [ w.prob. HYK o, (2))
>V 1= —% log f}Cd(KXn) (the changes in size along {[X,,]}>_,)

p. 30, Figure 3 of R. D. Mauldin & M.
Urbanski, Adv. Math. 136 (1998), 2638



5 v 14/12
Thm(K.). “¢co € (0,00), "o, B, € (0,00),

limy_ oo {n € N | ADPY <A} /AY2 = coHH (Ko 5.~).

> {[X ]} 0: MC on Tisnapes)s  ~[r,1 () [ w.prob. HYK o, (2))
>V 1= —% log f}Cd(KXn) (the changes in size along {[X,,]}>_,)

> F(x, s) := e NS ()

p. 30, Figure 3 of R. D. Mauldin & M.
Urbanski, Adv. Math. 136 (1998), 2638



5 v 14/12
Thm(K.). “¢co € (0,00), "o, B, € (0,00),

limy_ oo {n € N | ADPY <A} /AY2 = coHH (Ko 5.~).

> {[X ]} 0: MC on Tisnapes)s  ~[r,1 () [ w.prob. HYK o, (2))
>V 1= —% log f}Cd(KXn) (the changes in size along {[X,,]}>_,)

> F'(x,s) := e_dSNmDir'(e%)
=R(z, s) +Zk,lF(¢kal(w)9 s)
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> {[X ]} 0: MC on Tisnapes)s  ~[r,1 () [ w.prob. HYK o, (2))
>V 1= —% log f}Cd(KXn) (the changes in size along {[X,,]}>_,)

> F(x, s) := e NS ()

=R(x, s) _l_Zk,lg{d(Kfﬁk,l(‘L’))'

F(pi1(x)],s+ GlogH Ky, ()
= I, [S:ZO_O ﬂ([Xn], S — Vn)]

p. 30, Figure 3 of R. D. Mauldin & M.
Urbanski, Adv. Math. 136 (1998), 2638



5 v 14/12
Thm(K.). “¢co € (0,00), "o, B, € (0,00),

limx 0o #{n € N | AYPY <A}/ AY2 = coH (Ka,8,+)-
D{[Xn]}fn, 01 MC on Tgnapes), 2 ~[r,1 (@) ] w.prob. HUK o, (2))
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> F(x,s) := e N5 (e°)
=R(z,8)+ l}Cd(qulc,L(‘L'))'
F(bw,i(2)],s+ 5l0gH Ky, | (a))
= Ko [y:n—o :R([Xn]’ _Vn)]
I.(Sesi:—etn'c;j».f]_"xR y(wQ S)dV(CU)dS!

p. 30, Figure 3 of R. D. Mauldin & M.
Urbanski, Adv. Math. 136 (1998), 2638
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limy_y oo #{n € N | AP <A}/ AY2 = coH (K, By )

D{[Xn]}n 0t MC on Tshapes),  ~ [P, ()| w.prob. HUK 4, ()
>Vp 1= log f}Cd(KX ) (the changes in size along {[X,.]}._,)

> F'(x,s) := e IENDIT (623)
=R(z,s)+> lg{d(qulc,L(‘L'))'
Fn1(2)],5-+ S oM gy o)
= Eo D020 R([Xn], 58— Va))
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p. 30, Figure 3 of R. D. Mauldin & M.
Urbanski, Adv. Math. 136 (1998), 2638



14/12
Thm(K.). EICO € (0, 00), va9:697 € (0, 00),

limx 0o #{n € N | AYPY <A}/ AY2 = coH (Ka,8,+)-
D{[Xn]}fn, 01 MC on Tgnapes), 2 ~[r,1 (@) ] w.prob. HUK o, (2))
>V, 1= log f}Cd(KX ) (the changes in size along {[X,.]}._,)

> F'(x,s) := e IENDIT (628)
=R(x,s)+ lg{d(qulc,L(‘L'))'
F(bw,i(2)],s+ 5l0gH Ky, | (a))
= B [y:n—o :R([Xn]’ _Vn)]
7™ Jrop R(x, s)dr(x)ds!

Kesten '74
Need: ® |R(z, s)| < e °*I",

O{(Xn, Vn)}, o unique. ergodic
p. 30, Figure 3 of R. D. Mauldin & M.
Urbanski, Adv. Math. 136 (1998), 2638
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A key for Reminder estimate: Embedding in H'!

>v9 =Y ook, Tad(C) dvolc (NOT doubling!)

>YueLIP|k,, £9(u,u):= 3 rad(C)[ |Vcu|?dvolc
CCarc K, C (cef Osada’07)
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Prop(K.). Let f € LIP(Arc(0,r, |0, «])). Define
Inf,Inf : D(0,7,[0,a]) — R by

Inf(se®®)i=(1— =) £(r) + =F(re®),
Tnf(se)i=(1-2) [ fre) = 4 2p(ret),

o T
Then Lip(Zg f) < 100Lip(f) and

Zefllz: =X rllfllz2r IVIsfllze Xl f ]|z,

> 19 := Y ook, T2d(C) dvole (NOT doubling!)

>VuELIP|Kg,89(u,u):: S rad(C)/[ |Vcul? dvolc
CCarc Kg C (Cf Osada ’07)




